A complete caterpillar is a caterpillar in which each internal vertex is a quasi-pendent vertex. In this paper, in the class of all complete caterpillars on n vertices and diameter d, the caterpillar attaining the largest Laplacian index is determined. In addition, it is proved that this caterpillar also attains the largest adjacency index.
Introduction
Let G be a simple undirected graph on n vertices. Let D(G) be the diagonal matrix whose (i, i)−entry is the degree of the i − th vertex of G and let A (G) be the adjacency matrix of G. The matrix L(G) Let T n,d be the class of all trees on n vertices and diameter d. Let P m be a path on m vertices and K 1,p be a star on p + 1 vertices.
In [9] the authors prove that the tree in T n,d having the largest index is the caterpillar P d,n−d obtained from P d+1 on the vertices 1, 2, ... In a graph a vertex of degree at least 2 is called an internal vertex, a vertex of degree 1 is a pendant vertex and any vertex adjacent to a pendant vertex is a quasi-pendant vertex. We recall that a caterpillar is a tree in which the removal of all pendant vertices and incident edges results in a path. We define a complete caterpillar as a caterpillar in which each internal vertex is a quasi-pendant vertex.
be the class of all complete caterpillars on n vertices and diameter d. A caterpillar C(p) in C n,d is obtained from the path P d−1 and the stars
with p i = 1 for i 6 = k and p k = n − 2d + 3. The complete caterpillars were initially studied in [5] and [6] . In particular, in [6] the authors determine the unique complete caterpillars that minimize and maximize the algebraic connectivity (second smallest Laplacian eigenvalue) among all complete caterpillars on n vertices and diameter d. Below we summarize the result corresponding to the caterpillar attaining the largest algebraic connectivity. 
The largest Laplacian index among all complete caterpillars
Let x 1 , x 2 , ..., x d−1 be the vertices of the path
Let N G (v) be the set of vertices in G adjacent to the vertex v.
If both T u and T v are trees, then we have either
We recall that C (p) = A k ∈ A n,d if and only if p i = 1 for i 6 = k and p k = n − 2d + 3.
Proof. Let #S be the cardinality of a set S.
be the sets of pendant vertices adjacent to u and v, respectively. Let
where q = p except for q i = p i + p j − 1 and q j = 1 and T v = C (r) ∈ C n,d where r = p except for r i = 1 and
By a repeated application of the above argument, we finally arrive at a caterpillar A k = C (e p) ∈ A n,d where e p i = 1 for all i 6 = k and e
has the largest Laplacian index among all trees on n vertices and diameter 3.
Proof.
Since any tree T on n vertices and diameter 3 is a complete caterpillar, we may take T = C (p 1 , p 2 ) ∈ C n,3 . By Theorem 2, there exists
Since C 1 and C 2 are isomorphic caterpillars, the result follows. 2
From Theorem 2, it follows that among the caterpillars in C n,d the largest Laplacian index is attained by a caterpillar in the subclass A n,d . Next, we order the caterpillars in A n,d by their Laplacian indices.
A generalized Bethe tree is a rooted tree in which vertices at the same distance from the root have the same degree. In [7] , we characterize the eigenvalues of the Laplacian and adjacency matrices of the tree P m {B i } obtained from the path P m and the generalized Bethe trees B 1 , B 2 , ..., B m obtained by identifying the root vertex of B i with the i − th vertex of P m . This is the case for C (p) in which the path is P d−1 and each star K 1,p i is a generalized Bethe tree of 2 levels. From Theorem 2 in [7] , we get Theorem 3. The Laplacian eigenvalues of C (p) are 1 with multiplicity
) and the eigenvalues of the (2d − 2) × (2d − 2) irreducible nonnegative matrix
Let ρ(A) be the spectral radius of the matrix A.
is the Laplacian index of C (p) .
Since 0 is a Laplacian eigenvalue of any graph, an immediate consequence of Theorem 3 is that M (p) is a singular matrix. Since M (p) is a nonnegative irreducible matrix whose row sums are no constant, ρ (M (p)) > 1 [10] . From this fact and Theorem 3, ρ (M (p)) is the Laplacian index of C (p) . 2
Let t (λ, x) and s (λ, x) be the characteristic polynomials of the matrices T (x) and S (x) respectively. That is
Let us denote by |A| the determinant of a square matrix A and by e B the matrix obtained from a matrix B by deleting its last row and its last column. We recall Lemma 2.2 in [8] .
Lemma 2. For i = 1, 2, ..., r, let B i be a matrix of order k i × k i and µ i,j be arbitrary scalars. Then
The notation |A| l will be used to denote the determinant of the matrix A of order l × l.
The next result is an immediate consequence of the application of Lemma 2 to the characteristic polynomial of M (p).
.
From now on, let a = n − 2d + 3 and let a k be the (d − 1) −dimensional vector in which the k − th component is equal to a and all the other components are equal to 1. Using this notation, A k = C (a k ) . Since the Laplacian index of C (p) ∈ C n,d is the spectral radius of M (p) , to find an order in A n,d by the Laplacian index is equivalent to order the matrices M (a 1 ) , M (a 2 ) , . . . , M (a d−1 ) by their spectral radii. Since A k and A d−k are isomorphic, we may take 1
Let e l be the all ones column vector with l entries. Let ϕ l (λ) = |λI − M (e l )| . By application of Corollary 3, we have
Expanding along the first row, we obtain
Since s (λ, x) = t (λ, x) + 1 − λ, by linearity on the first column, we have
and s (λ, a) if k 6 = 1. Since t (λ, a) = t (λ, 1) + (1 − a) λ and s (λ, a) = s (λ, 1) + (1 − a) λ, by linearity on the k − th column, we have
The (k + 1, k + 1) −entry of the determinant of order d−1 on the second right hand of (2.3) is s(λ, 1) and since s (λ, 1) = s (λ, a) + (a − 1) λ, by linearity on the (k + 1) − th column, we obtain
Replacing in (2.3), we get
Applying the recurrence formula (2.1) to r k (λ) and r d−k−1 (λ) , we obtain
By a repeated application of this process, we conclude
The last equality being a consequence of (2.2). Replacing in (2.4), we finally get
From the Perron-Frobenius Theory for nonnegative matrices [10] , if A is a nonnegative irreducible matrix then A has a unique eigenvalue equal to its spectral radius ρ(A) and ρ(A) increases whenever any entry of A increases. Hence ρ(B) < ρ(A) if B is a proper submatrix of a nonnegative irreducible matrix A.
The next theorem gives a total ordering in A n,d by the Laplacian index.
Proof. Since A k and A d−k are isomorphic caterpillars, we may take 1
Moreover, from the fact that M (a k ) is a nonnegative irreducible matrix, µ 1 (A k ) is a simple eigenvalue. The identity (2.5) involves the polynomials φ k (λ) and φ k+1 (λ) of degrees 2d − 2 which are the characteristic polynomials of M (a k ) and M (a k+1 ) , respectively. Let
be the eigenvalues of M (a k ) and M (a k+1 ) , respectively. Then (2.5) becomes
We recall that ϕ d−2k−1 (λ) of degree 2d−4k−2 is the characteristic polynomial of the matrix M (e d−2k−1 ) whose spectral radius is µ 1 (C (e d−2k−1 )) .
which is a contradiction because
. This completes the proof. 
The largest adjacency index among all complete caterpillars
In this section, we find the caterpillar having the largest adjacency index among all complete caterpillars on n vertices and diameter d.
Lemma 3. Let u, v be two vertices of a connected graph G.
be the unit Perron vector of G corresponding to the adjacency index λ 1 (G) .
By a repeated application of Lemma 4, using a similar argument to the proof of Theorem 2, we obtain C (n − 3, 1) has the largest adjacency index among all trees on n vertices and diameter 3.
Proof.
Clearly A 1 = C (n − 3, 1) and A 2 = C (1, n − 3) are isomorphic caterpillars. Since any tree of diameter 3 is a complete caterpillar, from Theorem 6, λ 1 (A 1 ) = λ 1 (A 2 ) ≥ λ 1 (T ) for any tree T on n vertices and diameter 3. 
An immediate consequence of Theorem 3 is
Corollary 5. The spectral radius of H (p) is the adjacency index of C (p) .
Let s (λ, x) be the characteristic polynomial of S (x). That is s (λ, x) = λ 2 − x.
We now apply Lemma 2 to the matrix H (p).
